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ABSTRACT
This paper presents a survey of the equilibrium, stability
and collective oscillation properties of magnetically-confined
nonneutral plasmas. Emphasis is placed on summarizing several of
the technical advances that have occurred in both theory and
experiment since the early 1970's.
I. INTRODUCTION
A nonneutral plasma' is a many-body collection of charged
particles in which there is not overall charge neutrality. Such
systems are characterized by intense self-electric fields, and in
high-current configurations by intense self-magnetic fields.2
Nonneutral plasmas, like electrically neutral plasmas, exhibit a
broad range of collective properties, such as plasma waves,
instabilities, Debye shielding, etc. Moreover, the intense self
fields in a nonneutral plasma can have a large influence on
detailed plasma behavior and stability properties.
In addition to developing a basic physics understanding of
many-body charged-particle systems in which there is not overall
charge neutrality, there are many practical applications of non-
neutral plasmas. These include: coherent radiation generation
by intense electron beams, as in magnetrons, free electron
lasers, and cyclotron masers; the development of advanced accel-
erator concepts, such as the modified betatron accelerator, and
heavy ion accelerators; the stability of intense nonneutral elec-
tron and ion flow in high-voltage diodes, with applications that
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2include particle beam fusion; and the stability and transport of
intense charged particle beams.
Since the early 1970's, interest in the physics of nonneutral
plasmas has increased substantially in areas as diverse as high-
current electron induction accelerators, liquid-to-crystal phase
transitions in two-dimensional nonneutral electron layers on a
liquid-Helium surface, coherent radiation generation by free
electrons interacting with applied magnetic field structures,'' 6
astrophysical studies of large-scale isolated nonneutral plasma
regions in the magnetospheres of rotating, magnetized neutron
stars, and the development of positrone and antiproton9 ion
sources. The technical progress and future research opportu-
nities in nonneutral plasmas have been highlighted in the recent
national physics survey Physics Through the 1990s - Plasmas and
Fluids (National Academy Press, 1986).
In the short space of this paper it is not possible to
describe the many technical advances that have occurred in the
physics of nonneutral plasmas since the early 1970's. Nonethe-
less, it is useful to outline the substantial progress in
selected areas of research and to identify some of the key
references for the interested reader.
Experimental studies of the basic equilibrium and stability
properties of nonneutral plasmas have included: investigations of
plasma waves in a pure electron plasma; measurements of the
laminar rotation velocity of a pure electron plasma column;1 2
studies of plasma waves in a pure ion plasma column;" the
identification of collective modes in a two-dimensional, nonneu-
tral ion layer confined below a liquid-Helium surface; studies
of the linear and nonlinear evolution of the diocotron
instability in an annular electron column; measurements of the
collisional relaxation of anisotropic temperature in a pure
electron plasma;16 and observations of the transport of magneti-
cally confined pure electron plasmas to global thermal
equilibrium, 17 to mention only a few examples.
Theoretical studies of the basic equilibrium, stability and
transport properties of nonneutral plasmas have included: analyt-
ical investigations of the influence of intense self fields on
the filamentation instability;18 development of a confinement
theorem for a low-density nonneutral plasma column;' 9 analyt-
ical and numerical investigations of the magnetron insta-
bility, which is of considerable importance for intense
3nonneutral electron flow in cross-field microwave devices23 ,
24
and magnetically-insulated high-voltage diodes; 25 ,26 analytical
and numerical-simulation studies of space-charge-induced
transverse instabilities in nonneutral heavy-ion beams; 27,28
quasilinear studies of the nonlinear evolution of the diocotron
instability for multi-mode excitation in a nonneutral electron
layer;29 theoretical studies of collisional transport processes
in pure electron plasmas; 30 ,31 determination of the influence of
intense self fields on the cyclotron maser instability in a
relativistic, nonneutral electron beam;32 and basic theoretical
studies of the equilibrium and collective oscillation properties
of a two-dimensional, nonneutral ion layer confined below a
liquid-Helium surface, again to mention only a few examples.
A particularly fascinating area of research on nonneutral
plasmas relates to phase transitions34 to the liquid and crystal
states when the coupling parameter r = (e 2/a)/kBT is sufficiently
large, which requires extremely low-temperature conditions.
Here, r is the ratio of nearest-neighbor Coulomb energy (e 2/a) to
the thermal energy (kBT) of a particle, and a = (3/4n n) 1/3 is
the Wigner-Seitz radius. Research in this area includes experi-
mental studies of the liquid-to-crystal phase transition in a
two-dimensional nonneutral electron layer on a liquid-Helium
surface, the production and laser cooling of a strongly-coupled
nonneutral ion plasma confined in a Penning trap with coupling
parameter r > 100, 3 and computer simulation of the phase
transition of bounded nonneutral ion plasmas to the liquid and
crystal states in both Penning-trap confinement geometries,3 9'40
and in heavy-ion storage rings.4 1 Research on phase transitions
in nonneutral plasmas has been further stimulated by continued
advances in the theoretical understanding of strongly-coupled
one-component plasmas.
42
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This paper presents a survey of the equilibrium, stability
and collective oscillation properties of magnetically-confined
nonneutral plasmas for coupling parameter T << 1 and time scales
short in comparison with a binary collision time. Emphasis is
placed on summarizing several of the technical advances that have
occurred in both theory and experiments since the early 1970's.
The topics covered include: a discussion of theoretical models
(Sec. II) and fundamental properties (Sec. III) of collisionless
nonneutral plasmas, kinetic waves and instabilities (Sec. IV),
4macroscopic waves and instabilities (Sec. V), and evolution of
the diocotron instability (Sec. VI).
II. THEORETICAL MODELS OF COLLISIONLESS NONNEUTRAL PLASMA
Theoretical models1 ,2 for describing collisionless, non-
neutral plasma are usually based on the (kinetic) Vlasov-Maxwell
equations or the (macroscopic) fluid-Maxwell equations.
A. Kinetic Description
Consider a nonneutral plasma where a particle of species j
has charge e. and mass mi. On time scales short in comparison
with a binary collision time, the j'th-species phase-space
density f (xp,t) evolves according to the Vlasov equation
-- f. + - f + -- [ e E + c fJ =0, (1)
at I x ( ) ap .c
where the electric and magnetic fields, E(xt) and B(x,t), are
determined self-consistently from Maxwell's equations. The Vlasov
equation (1) describes the incompressible evolution of f (x,p,t)
in the six-dimensional phase space (x,p) due to the collective
interactions of the particles with both the applied fields and
the average self-generated fields. In circumstances where the
particle motion is relativistic, the momentum p and the velocity v
in Eq.(1) are related by p = y mjv, where y = (1 + p2/M 2C21/2 is
the relativistic mass factor. It should be noted that the Vlasov-
Maxwell equations are highly nonlinear because f (x,p,t) is
modified by the self-generated fields, which in turn evolve as
the distribution function changes. Moreover, the intristic
time scales associated with the Vlasov equation (1) are (~
and o , where &) =ejB/mjcI is the cyclotron frequency, and
= (4n n e /m.)1 /2 is the plasma frequency. Here n = Jd3pf
is the particle density, and c is the speed of light in vacuo.
Under quasi-steady-state conditions (8/at = 0), the
equilibrium distribution function fo(x,p) and the equilibrium
fields are determined from
a~~~ a+ v B
- vf) + -- e. + ~ ' f = 0 (2)
ax ap [ ~C J J
5and
- = 4n e Jdpf' + 4np , (3a)
V x E = 0, (3b)
S- B = 0, (3c)
'4n e 40
Sx B4 = 3 - 4pvf + j-X, (3d)
C C
where pX and J 0 are the external charge and current den-
sities. Equations (2) and (3) can be applied to single-component
nonneutral plasmas consisting only of electrons (e = -e) or ions
(e = +Zie), or to nonneutral plasmas (or electrically neutral
plasmas) in which there is a mixture of electron and ion compo-
nents. It should be noted that equilibrium self-field effects
are incorporated in Eqs.(2) and (3) in a fully self-consistent
manner. Moreover, even the equilibrium equations (2) and (3) are
nonlinear for most applications of practical interest.
With regard to a kinetic stability analysis based on the
Vlasov-Maxwell equations, we consider small-amplitude perturba-
tions about the quasi-steady state fo(x,p), EO(x) and B(x), and
express
f .(x,Pt) = fo + 8f (xtp~t)
E(x,t) = E0 + 6E(x,t) , (4)
B(x,t) = B + SB(x,t)
Then, the linearized Vlasov equation is given by
- + v - -+ e E0 + B~ ~ - - fj(x,p,t)
at ax c 8p
(5)[v X 6B
-e SE + ~ ~ - XP)
c ap
Here, SE(x,t) and 8B(x,t) are determined self-consistently from
the linearized Maxwell's equations
6V - SE = 4n ejd3 P6fi , (6a)
1 a
V x E - --- 6B, (6b)
c at
C 3tV* - = 0, (6c)
'4ne e 1 a
V x B= d pv~f. +-- SE . (6d)
c J c at
If, for specified equilibrium distribution function f (x,p), the
perturbations amplify in Eqs.(5) and (6), then the corresponding
equilibrium is linearly unstable.
B. Macroscopic Description
Under certain conditions, an adequate description of the
equilibrium and stability properties of a nonneutral plasma can
be provided a macroscopic fluid description. In this case, we
follow the evolution of the macroscopic quantities defined by
n (x,t) = d3pfj(xpt) -- number density, (7a)
V(x,t) = n Jd3pvfj(xP,t) -- flow velocity, (7b)
P(x,t) = n- d3ppf.(xpt) -- average momentum, (7c)
P.(x,t) = dpIp - P (x,t)J[v - V.(x,t)Jf(J- (7d)
-- pressure tensor,
where p = y mjy. Taking momentum moments of the Vlasov equation
(1) then gives
a a
-- n+ (njj) = 0, (8)
at ax
7n -+ V. - --- P + --- - njej E + ~ B~ (9)
at 3 aax 'x c
a
-P. + V - (V ) + p (V V + (V V )
at =3 ~ +i~ V)i pJ-i
(10)
+ V - -- (P. x B - B x P)
m c
where is the heat-flow tensor, and the fields, E(x,t) and
Bx.t)~ evolve self-consistently according to Maxwell's
equations.
The simplest closure of the moment equations (8)-(10) occurs
when the pressure-gradient force proportional to -(8/ax) - in
Eq.(9) can be neglected in comparison with the electromagnetic
force on a fluid element. In this case, the so-called cold-
plasma approximation is valid, and a closed description of the
evolution of the system is provided by Eq.(8), Eq.(9) [with
(B/ax) - = 0], and Maxwell's equations. An equilibrium and
stability analysis based on the cold-fluid-Maxwell equations then
proceeds in a manner analogous to that summarized for the Vlasov-
Maxwell equations in Sec. II.A.
III. FUNDAMENTAL PROPERTIES OF NONNEUTRAL PLASMAS
In this section, we review several fundamental properties of
nonneutral plasmas. These include: equilibrium rotation of a
nonneutral plasma column (Sec. III.A); single-particle trajec-
tories (Sec. III.B); thermal equilibrium properties (Sec. III.C);
Debye shielding (Sec. III.D); and spontaneous emission from an
individual test electron (Sec. III.E). For simplicity, through-
out Sec. III, we specialize to the case of a nonrelativistic,
one-component, nonneutral plasma consisting only of electrons.
The analysis and results are readily extended to a pure ion
plasma or to a multi-component nonneutral plasma.'' 2
A. Laminar Cold-Fluid Equilibrium Rotation
As illustrated in Fig. 1, we consider an infinitely-long
nonneutral plasma column confined radially by a uniform magnetic
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Fig. 1. Nonneutral plasma column confined radially by a
uniform magnetic field B0 o
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Fig. 2. Plot of electron density ne(r) versus r for a
uniform-density plasma column.
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9field Bai. Under steady-state conditions (a/8t = 0), the
equilibrium density profile n ,(r) is assumed to have the rectan-
gular shape in Fig. 2. Integrating Poisson's equation, the
radial self-electric field within the plasma column can be
expressed as
Er - w r , O r Rb , (11)
2e Pe
where 2 = 4n n e2/me is the electron plasma frequency-squared,Pe X2 2 e1/2e
and r = (x + y ) is the radial distance from the axis of
symmetry. Assuming that the electrons can be treated macroscop-
ically as a cold fluid [aP O/ar = 0, where Pe(r) is the electron
pressure], then radial force balance on an electron fluid element
can be expressed as
me(Ve0 )2 V 0 B
= - eE0 - e ee 0 (12)r
r c
where -e is the electron charge, and Ve(r) is the equilibrium
azimuthal velocity of a fluid element. Note that Eq.(12) is a
statement of the balance between the outward centrifugal and
electric forces and the inward magnetic force (Fig. 3). Intro-
ducing the angular rotation velocity %e(r) = Ve*(r)/r, and
making use of Eq.(11), it is straightforward to show that Eq.(12)
can be expressed as
1
2 2
e 2 pe ~ %ece (13)
where &e3 = eB /Me c. Solving Eq.(13) for Ce gives the two cold-
fluid rotation velocities44 '45
1 21 o 2
= e ce - (14)
ce
where %~N+) corresponds to a slow (fast) rotation of the
plasma column. Because and are constant (independent of
r), the average azimuthal motion of the electron column corre-
sponds to a rigid rotation about the axis of symmetry.
10
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Fig. 3. Balance between the outward centrifugal and
electric forces and the inward magnetic force on an
electron fluid element [Eq.(12)].
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Fig. 4. Plots of the cold-fluid angular rotation ve-
locities + and %_ versus the self-field parameter se
= 
2W /w [Eq.(14)].
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Figure 4 shows plots of % versus the self-field parameter
se - 2w 2 /W 2, which measures the relative strength of the
(defocussing) space-charge force and the (focussing) magnetic
force on a fluid element. For a low-density plasma with 2 W 2/W2
<< 1, we find from Eq.(14) and Fig. 4 that % -o, which
corresponds to a fast rotation of the plasma column at the
electron cyclotron frequency. On the other hand, at low density,
%e can be approximated by
2
-% 2w 2e 2
ce
which corresponds to a slow E x B0 Z rotation. The quantity W
defined in Eq.(15) is referred to as the diocotron frequency. By
contrast, for sufficiently large density that 2w /W = 1, wePe ce
find from Eq.(14) and Fig. 4 that c = Wce/2. The condition
2 &) /&)2 = 1 is referred to as Brillouin flow. It is clear from
Eq.(14) and Fig. 4 that radially confined equilibria do not exist
for 2w 2/W 2 > 1, because the (defocussing) space-charge force ispe ce
too large. Moreover, the allowed values of angular rotation
velocity in Eq.(14) exhibit a strong dependence on the self-field
parameter se = 2w IWc2. Generally speaking, whether the plasma
column is rotating either with slow (4) or fast (&%) rotation
velocity, depends on the way in which the nonneutral plasma is
formed (e.g., injection conditions).
The two rotational equilibria in Eq.(14) have been measured
experimentally by Theiss, Mahaffey and Trivelpiece for a cold,
constant-density, nonneutral plasma column confined by a uniform
axial magnetic field. The experimental set-up is illustrated in
Fig. 5. A 30 psec-pulse electron beam with diameter 2R = 1 cm,
axial kinetic energy Eb = 100 - 450 eV, and current Ib =
1 - 10 mA, is injected through a magnetic-field step into a
steady magnetic field B0 = 20-50 G. The magnetic-field step in
Fig. 5 induces a rotation of the electron beam. For specified
values of the beam current and energy (and therefore the electron
density ne), the size of the magnetic field step is adjusted so
that the beam is launched in either a slow (ce) or fast ( )
rotational equilibrium consistent with Eq.(14). To measure the
12
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Fig. 5. Schematic of the experimental set-up used to
investigate the rotating equilibria of a nonneutral
plasma column [A.J. Theiss, R.A. Mahaffey and A.W.
Trivelpiece, Phys. Rev. Lett. 35, 1536 (1975)].
rotation velocity, the beam is intercepted by a thin tungsten
needle which produces a (rotated) shadow on a moveable tungsten
screen located further downstream (Fig. 5). By varying the
separation (Az) of the needle and the screen, and measuring the
angle of rotation (AE), the average angular velocity is deter-
mined from < k = (Ae/Az)Vze, where Vze is the axial velocity of
the electron beam. Typical experimental results are illustrated
in Fig. 6 for a slow rotational equilibrium (%e) with density Ae
1.4 x 106 cm-3 and self-field parameter se = 2 e 2/ 2 0.094.
Repeating the measurements for several choices of magnetic-field
step, electron density (fie), and magnetic field (B.), good
agreement is obtained with the predicted values of %_ and % in
Eq.(14) for both slow and fast rotational equilibria (Fig. 7).
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Fig. 6. Photographs of the phosphor screen show the
(rotating) shadow of the tungsten needle. The angular
velocity inferred from the rotation of the shadow is <6>
= 0.024 wCe [A.J. Theiss, R.A. Mahaffey and A.W.
Trivelpiece, Phys. Rev. Lett. 35, 1536 (1975)].
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Fig. 7. Measured values of the normalized angular
velocity <Et>/w are plotted versus the self-fieldCe 2 2
parameter se = 2w /w . The solid curve corresponds toe e ce +
the predicted values of u + and ua_ in Eq.(14) [A.J.
Theiss, R.A. Mahaffey and A.W. Trivelpiece, Phys. Rev.
Lett. 35, 1536 (1975)].
B. Single-Particle Trajectories
It is informative to examine the motion of an individual
electron confined within the nonneutral plasma column illustrated
in Fig. 1. Assuming uniform electron density (Fig. 2), an
15
individual electron experiences the forces produced by the radial
self-electric field E0(r)tr in Eq.(11), and the axial magnetic
field B0 i3 . The motion along the magnetic field is free-
streaming with dz/dt = v. = const. The motion perpendicular to
the magnetic field is in crossed electric and magnetic fields.
In this regard, it is useful to transform the perpendicular
equations of motion to a frame of reference rotating with angular
velocity , = (%~ or c% = %e, which are the two possible
average rotation velocities of the plasma column [Eq.(14)].
Introducing x'(t) = x(t) cos(%et) + y(t) sin(%et) and y'(t) =
y(t) cos(%et) - x(t) sin(%et), the equations of motion for the
perpendicular orbits (x',y') in the rotating frame can be
expressed as
d2x' dy' 2 - x
-= -w + (A) Ifdt2  dCe - 2(%) -- + e 2ee+ -2 , (16a)
d2 y' dx' 2 1 2
+ 2 y' (16b)
2 Ce - 2 %e) -+ %e - CeC, + -O ydt dt 12
in the region where the electron density is non-zero. Because
~ or ge -% solve the equilibrium force-balance
condition in Eq.(13), the final terms in Eq.(16) are identically
zero. Moreover, for 'e =%e, we express w - 2 %e =2 2 1/2 whe
+ W (1 - 2w /w ) = +(W - ) where use is made ofCe Pe Cee e
Eq.(14). Equation (16) then becomes
d2x, dy'
2 = (%e ~ e) -- ,(17a)
dt 2 dt
d2y, dx'
2 = + (%e - %e~) -- ,(17b)
dt2 dt
where the upper (lower) sign in Eq.(17) corresponds to a fast
(slow) rotational equilibrium with %e = %e+gt = %~). There-
fore, the electron motion as seen in the rotating frame consists
of circular gyrations with period
2n 2 n/W
T = _ = 2 W 2 )1/ 2  (18)
(%e - ) (1C-o2w ee
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Fig. 8. Right-circular electron motion in the rotating
frame for a nonneutral plasma column with slow rota-
tional equilibrium (%e = %e).
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Fig. 9. Trochoidal electron motion in the laboratory
frame for a nonneutral plasma column with slow
rotational equilibrium (%e = %e).
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As illustrated in Fig. 8, for a slow rotational equilibrium with
=e - Cte, the electron motion in the rotating frame is right-
hand circular. The corresponding motion in the laboratory frame,
however, is trochoidal (Fig. 9). In contrast, for a fast rota-
tional equilibrium with = , the electron motion in the
rotating frame is left-hand circular.
To summarize, the equilibrium self-electric field in a non-
neutral plasma column can have a large influence on the trajec-
tories of individual particles, depending on the value of the
self-field parameter se = 2 ope /W 2. Indeed, the gyrating motion
as seen in the rotating frame is slowed by the self-electric
field [Eq.(18)], and the perpendicular orbits become free-
streaming in the limit of Brillouin flow when se = 1 and %+ =
CAe = Wce/ 2 [Eq.(17)]. As would be expected, equilibrium self
fields have a corresponding large influence on detailed collec-
tive properties such as plasma waves and instabilities (Secs.
IV-VI). As a final point, the effect of self-magnetic fields
must also be included when the motion is relativistic and the
electron current is sufficiently high.2
C. Thermal Equilibrium
We now remove the assumption that the plasma is cold, and
make use of the steady-state Vlasov-Poisson equations (Sec. II.A)
to examine the equilibrium properties of an axisymmetric non-
neutral plasma column. It is readily shown that the distribution
function
f (x,p) = f0(H,P0 ,p.) (19)
solves the steady-state Vlasov equation (2). Here, fe depends
only on the single-particle constants of the motion corresponding
to the total energy
1
H =- p2 - e(r) , (20)
2me 
~
the canonical angular momentum
(21)Pe = r(pe - meroce/2) ,
18
and the axial momentum pZ, where nonrelativistic motion is
assumed. In Eq.(20), the electrostatic potential +0(r) is deter-
mined self-consistently in terms of fe from Poisson's equation
1 a a+
- - r = 4neno(r) a 4netd3pf (H,Pp) (22)
r ar 3ree t 
I
where r is the radial distance from the axis of symmetry
(Fig. 1), and +0 (r) is related to the radial electric field by
E0(r) = -a+0 /3r. Depending on how the nonneutral plasma is
formed, there is considerable latitude in specifying the func-
tional form of the equilibrium distribution function fo(HPepz)'
One interesting class of equilibria corresponds to distribution
functions that depend on H and P. only through the linear
combination H - We,
f =f( - ,P',pz)(, (23)
where (% = const. (independent of r). Making use of Eqs.(20),
(21) and (23), it is readily shown that the mean azimuthal
velocity V. 0(r) = (fd3pvef")/(fd3 pfO) is given by
Ve0 (r) = Cer . (24)
That is, the mean azimuthal motion for the class of equilibria
fe(H - %ee,,P.) corresponds to a rigid rotation about the axis
of symmetry with angular velocity Ce = const.
Thermal equilibrium corresponds to the special choice of
rigid-rotor distribution function ,2
0 ne (H - %ePe)f exp 2- ,(25)
(2n mekTe 3/2 B e
where Te = const. is the electron temperature, and ks is
Boltzmann's constant. Integrating over momentum, the equilibrium
density profile no(r) = fd3pfo associated with Eq.(25) is given
by
2e
n0(r) = ji exp - [r- 2 - +O.r) (26)
2kT [r2(%ewc. %e Me II
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Fig. 10. The shaded area corresponds to the region of
allowed angular rotation velocity Ce consistent with
Eq.(27) [or Eq.(28)]. Here, %+ and %_ are the cold-
fluid rotation velocities defined in Eq.(14).
We take *0(r = 0) = 0 without loss of generality, so that fie can
be identified with the on-axis (r - 0) value of electron density.
Substituting Eq.(26) into Eq.(22), it is evident that Poisson's
equation for +,(r) is highly nonlinear. However, for the choice
of fo in Eq.(25), and (more generally) for the class of rigid-
rotor distribution functions in Eq.(23), it can be shown that the
plasma column is radially confined [n0(r 4 m) = 0] provided %e
lies in the range
ea < O' < (A . (27)
Here, g(% and are the cold-fluid rotation velocities defined
in Eq.(14). Equation (27) is equivalent to the condition
2 2
~ce'%e - 2% p />0 (28)
where w 2 = 4n n e2/m . The range of allowed values of angularPe e e
rotation velocity Ce consistent with Eq.(27) [or Eq.(28)] is
indicated by the shaded region in Fig. 10.
I
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If %e is well removed from the cold-fluid rotation
velocities %+ or ~, then the (bell-shaped) density profile in
Eq.(26) is typically a few times the thermal Debye length De =
(kB/Te/ 4 n 1ee2)1 2 in radial dimension. On the other hand, if %e
is closely tuned to either eor then the density profile
ne(r) is approximately uniform (and equal to fe) over many Debye
lengths out to some radius R. ( ), and then n0(r) falls off
abruptly over a distance of a few times ,e. That is, if
e= (%+( - c) or e = e(1 +(29)
for positive c << 1 ,
then the density profile is given (approximately) by
n? , 0 < r < Ra b De),
ne(r) = (30)
0 ,r > R, .
0
Making use of Eq.(11) and Er = - 0 /3r, it readily follows that
the equilibrium electrostatic potential is given by *0 (r)
(me/ 4e)W 2r2 within the column interior (0 < r < Rb).
peb)
D. Debye Shielding
To illustrate the plasma nature of a one-component collection
of electrons, we describe here the Debye shielding of the elec-
trostatic potential surrounding a test electron in a nonneutral
plasma column. In particular, we consider the thermal equilibrium
distribution of electrons in Eq.(25), and assume that the angular
rotation velocity %e is closely tuned to either %+ or %, so
that no(r) is approximately constant in the column interior
[Eq.(30)]. A test electron (charge = -e) is introduced at radius
r' well inside the column (r' << Rb) in the region where n" (r)
ne = const. For simplicity, it is assumed that the test electron
is rotating about the axis of symmetry with the same angular
velocity %e as the average rotation of the column, i.e., the
test electron is at rest relative to the plasma column. Denoting
the location of the test electron by x1, Poisson's equation for
21
the total electrostatic potential * = *0(r) + can be expressed
46
as
1 8 2+
-- r - + V 6f
r ar 3r
(31)
=4nene exp kT + 4neS(x - x )
Here, 8 is the perturbed potential associated with introducing
the test electron, and *0 (r) = (me/ 4e)2 r2 solves the equi-
-1e
librium Poisson equation r~ (a/ar)[ra+*/arj - 4nene in the column
interior where the density is uniform [see Eqs.(22) and (26)].
For e6+/kBTel << 1, we expand the exponential factor in Eq.(31),
which gives to leading order
1
V 6+ - 26+ + 4ne6(x- , (32)
>De
where Xbe = (kBTe/4J A ee2 )1/2 is the Debye length. The solution
to Eq.(32) gives the familiar shielded potential
e kx - x;l
exp - (33)
x - xI >{e
surrounding the test electron at x = x1.
As in a neutral plasma, the electrons surrounding the test
electron redistribute so as to screen the bare Coulomb potential
for distances 1x - x5| > >D. The main difference in the non-
neutral case is that S+ is superimposed on the dc potential *0 (r)
= (me/4e)) 2r2 produced by equilibrium space-charge effects.
E. Spontaneous Emission from a Test Electron
It is well known that an isolated test electron gyrating in a
uniform magnetic field BA emits radiation in the forward direc-
tion (along () at the electron cyclotron frequency wC. How
is this spontaneous emission affected when the test electron is
located inside a nonneutral plasma column? To address this
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question, we again consider a nonneutral plasma column with
uniform electron density (Figs. 1 and 2) and equilibrium radial
0 2
electric field Er = -(me/ 2e) W r. The spontaneous emission in
the forward direction from an individual test electron is given
by47
1 d21
fl(w) = - __
T dw dQ
(34)
T
e22 
2
4I2 c T d r x tj x v(t)] exp[ikz( ) - wr
0
where w is the frequency and k is the wavenumber. Here, d 2I/dw dQ
is the energy radiated per unit frequency interval per unit solid
angle; z(r) = z + vZ is the free-streaming orbit along BO;Z; T =
L/v, is the length of time that the electron is in the interac-
tion region (of length L); and v(T) is the electron velocity in
the laboratory frame. A detailed analysis4 8 of the electron
motion in the crossed electric and magnetic fields, E0(r);r and
Boi 3 , shows that the perpendicular orbits v(r) and v, (t) in the
laboratory frame are biharmonic, with oscillatory components at
the two frequencies % and %_ defined in Eq.(14) (see also Sec.
the wo fequecies(Z e48
III.B). Not surprisingly, it is found that the corresponding
spontaneous emission spectrum 11(w) has two maxima located at
±=1 2' 21/'
kv = = - fl ± (1 - .1/2} (35)
ce
Moreover, the relative strengths of the two emission peaks are
proportional to &: (for w - kv. = %) and qe (for w - kv
er = 2w /W + 0, we note from Eq.(35) that %, +0
and % + We* Therefore, as expected, for se = 0 only the high-
frequency emission peak is present with w - kv, _ we . However,
as the self-field parameter se is increased, the high-frequency
emission peak at &)- kv = %+ shifts downward (from W e), and
the low-frequency emission peak emerges at w - kvZ = %e and
shifts upward (from zero frequency). This behavior is
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Fig. 11. Plot of the spontaneous emission from a test
electron versus (w - kv )/(A) for several values of the
self-field parameter se = 2W /W . Here, o T - 200
2 2 2 22 pe ce C
and r /R = v /w2R = 1/10 are assumed [R.C. DavidsonLb vi- ce b
and W.A. McMullin, Phys. Fluids 27, 1268 (1984)].
illustrated quantitatively48 in Fig. 11, where f-(w)/f(w) is
plotted versus (w - kv )/we for several values of the self-
S2 2e
field parameter se = 2 e /w . Here, f(w) is defined by f(w) =
e2 2Tvh/8n2c , and i(w) denotes the average value i(w) =
Rb
(n R )~1 fdrrri(w).
0
IV. KINETIC WAVES AND INSTABILITIES
Collective waves and instabilities in a nonneutral plasma
column have been investigated1 over a wide range of system
parameters, including the important influence of intense self-
electric fields. These calculations have been extended2 to the
case of a high-current, nonneutral electron beam, where the self-
magnetic field also influences stability behavior. In this
section, we summarize several important features of kinetic waves
and instabilities in a nonneutral plasma column confined radially
by a uniform magnetic field Bz. The theoretical model is based
on the linearized Vlasov-Maxwell equations (5) and (6) discussed
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in Sec. II. In Secs. IV.A-IV.C, we consider electrostatic and
ordinary-mode electromagnetic wave propagation in a nonrelativ-
istic, nonneutral plasma column. The influence of intense self-
electric and self-magnetic fields on the cyclotron maser
instability is discussed in Sec. IV.D. Finally, a general
stability theorem 4',4 is presented in Sec. IV.E for a one-
component nonneutral plasma.
A. Multi-component Nonneutral Plasma
We consider the case of a multi-component, nonrelativistic,
nonneutral plasma column, and assume perturbations about the
class of rigid-rotor Vlasov equilibria
f = f (H - g.Pe,p.) , (36)
where = const. is the average angular rotation velocity of
component j. Here, H - (2m ) p2 + ejf 0 (r) is the energy, P. =
r(pe + m c o r/2) is the canonical angular momentum, w =
ejB 0/m clis the cyclotron frequency, e = sqn(e ), and the
notation is otherwise the same as in Secs. II and III. For a
multi-component nonneutral plasma, the generalization of the one-
component, cold-fluid rotation frequencies defined in Eq.(14) is
given by
1 8n e 2 Me 1/2
- -e 9 1n Se,. (37)2 i 1'e B 2 k ]
jO0 k
Note in Eq.(37) that the self-field parameter s for species j is
defined by
8n m c2
s =n e 2 (38)
e B 2 k
in the multi-component case. For a charge-neutral plasma, it
follows that a e = 0, and therefore s 0 for both electrons
and ions. On the other hand, for a one-component nonneutral
plasma consisting only of electrons (say), se reduces to the
expected result se = 8n nem c2/B = 2o /W obtained in Sec. III.
As in Sec. III, whenever the angular rotation velocity c in
Eq.(36) is closely tuned to either % or %, the density
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profile for component j is uniform, with ni(r) = fd'pf = n over
a broad interior region of the plasma column. That is, for
C% = %orj = , (39)
the equilibrium density profile for component j can be
approximated by
n ( = const. , 0 < r < Rb ,
n)(r) = ~(40)
0 , r > R b
B. Electrostatic Dispersion Relation
We first consider electrostatic perturbations about the class
of uniform-density Vlasov equilibria fO(H - gjP,,p.) with
or % = (%. It is further assumed that the wave perturba-
tions are localized to the column interior with
k 2R >> 1, (41)
where k_ is the characteristic wavenumber perpendicular to BOZ.
For electrostatic perturbations with SE = -V8* and SB = 0, the
linearized Vlasov-Poisson equations (5) and (6) give the
dispersion relation ,
2
2
0 = DL (kL,k, )= 1 + 2 p2
(k + k,)Z
[n(+ - ) a k, a (42)
-- JF (p )
x m2 d 3 PJ2 kp/m p 1  8p 1  m. apI
_ i 
-+ 
- V - k p,/m -n(c< - c)
for Imw > 0. Here, C is defined in Eq.(37), J (x) is the
Bessel function of the first kind of order n, w. =
(4n i e 2/m.)' is the j'th component plasma frequency, kZ and k_
are the axial and perpendicular wavenumbers, respectively, k is
the azimuthal mode number, and w is the complex oscillation
frequency, with Imw> 0 corresponding to instability (temporal
growth). Moreover, F (2p , = f0 in the integrand in Eq.(42),
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where p_= [p+ (p - mJr) 2 12 is the perpendicular momentum
in the rotating frame.
Not surprisingly, Eq.(42) is similar in form- to the electro-
static dispersion relation for a non-rotating, charge-neutral
plasma, provided we make the replacements
(43)
I Cj 0) %
in the corresponding neutral-plasma dispersion relation. 5 The
replacement & 4 & - k reflects the fact that the perturbation
has azimuthal mode number Z, and component j of the nonneutral
plasma is rotating with average angular velocity . The
replacement -c W + - c~ reflects the fact that in a frame
of reference rotating with component j, the particle orbits
correspond to circular gyrations with frequency c% - [see
Sec. III.B].
The dispersion relation (42) is a particularly significant
result because its applicability ranges from electrically neutral
plasmas (Z fie, - 0), to pure electron plasmas (f = 0), to pure
ion plasmas ('e = 0). Correspondingly, Eq.(42) supports a wide
range of electrostatic waves and instabilities that depend on the
propagation direction, the frequency regime under investigation,
the detailed form of the distribution function F., and the
strength of the self-field parameters. = (8n mc 2/e B 2) nkek.
The electrostatic dispersion relation (42) has been analysed
extensively for a nonneutral plasma column,1, 2 and detailed
results will not be repeated here. For present purposes, it is
sufficient to delineate some of the waves and instabilities asso-
ciated with Eq.(42) for a pure electron plasma with fii = 0. These
include: (a) electron plasma oscillations, Landau damping, and
the bump-in-tail instability for wave propagation parallel to
Baz(k = 0, k. 0 0); (b) electrostatic loss-cone instabilities"
when Fe(pl,p,) has an inverted population in p1 and the wave prop-
agation is perpendicular to BO Z (kj 0, k. = 0); (c) Bernstein
modess2 at harmonics of e - e1 e ( - 2/2 1/2, when
Fe(pIpz) is Maxwellian and the wave propagation is perpendicular
to BO ,(k± * 0, kZ = 0); and (d) cross-field streaming insta-
bilities associated with the relative rotation of fast ((%) and
slow ((e) electron components.
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C. Ordinary-Mode Electromagnetic Dispersion Relation
We next consider transverse electromagnetic waves propagating
perpendicular to B0 , with wave polarization SE = SE, e and 6B =
SBY . As before, perturbations are about the class of uniform-
density Vlasov equilibria f0(H - PGPZ) with = or '
= [Eqs.(36) and (39)], and k±R > 1 is assumed [Eq.(41)J.
The corresponding ordinary-mode dispersion relation for a multi-
component, nonrelativistic, rronneutral plasma is given by,2
c2k2
0 = D (k ,w) = 1 - 2 2-
n( - %j)
3(44)
w- . - n(( -
X d3pj2 k /mJ p. FpP) 2
Here, the notation is the same as in Sec. IV.B, and the algorithm
for recovering Eq.(44) from the corresponding neutral-plasma
dispersion relation is the same as in Eq.(43). Evidently,
Eq.(44) has a rich harmonic structure near harmonics of the
difference frequency, c%+ - = -C (1 - s )". If the wave
frequency is well removed from these resonances, then the fast-
wave solution to Eq.(44) can be approximated by the familiar
2 = 22 2
result, k = ck + .
On the other hand, if there is an energy anisotropy where
fd pp F. exceeds fd'ppiFj by a sufficiently large amount, then
Eq.(44) can give rise to a Weibel-like instability3 for slow-
wave propagation with |w /ckj < 1. As an example, we consider
the case of a pure electron plasma (n =0) where Fe(p ,pz) is a
bi-Maxwellian. For perpendicular temperature Te.L= 0, the
dispersion relation (44) reduces to
2 k 2  2 2k2  T 2
0 = 1 - - - Pe - , ez Pe (45)
2 2 2 (- 2 mec 2  2
W U?+ - 2c
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where Tez is the electron temperature parallel to BO . For
short-wavelength (c2ki >> p), slow-wave (c2ki >> 112)
perturbations, Eq.(45) can be approximated by
6)2 _((4. - (%) 2 (Tez (46
2 -2 2 2
Mee
where - )2 = W (1 - 2w /w ). Whenevere e cePe ce
(W 2/W )(Te,/Mec2 )
2 = - 1 > 0 ,(47)
b (1 -2w 2 /W -1
pe c
Eq.(46) supports a purely growing solution with Rew = 0 and Imw =
((% - c%+)rb. This ordinary-mode, Weibel-like instability has
its analogue in relativistic beam-plasma systems known as the
filamentation instability (Sec. V.E). 8 ,5 4
D. Influence of Intense Self Fields on the Cyclotron Maser
Instability
For a relativistic nonneutral electron beam propagating
parallel to a uniform magnetic field, both self-electric and
self-magnetic fields can have a large influence on stability
behavior. To illustrate this point, we consider the cyclo-
tron maser instability5 5 '56 in a high-current electron beam
with uniform density ne and radius Rb. The electron beam
propagates parallel to the uniform magnetic field B , with
average axial velocity V.e = 0,c = const. (independent of r). In
addition to the (defocussing) radial electric field Er(r) =
-(me /2e)w 2 r produced by equilibrium space-charge effects, the
axial beam current J= -nezc produces a (focussing) azimuthal
self-magnetic field B,(r) = -(me/2e)wp2zcr within the electron
beam. Assuming w R /C2 << 1, and negligibly small energy spread
in the beam electrons, the nonrelativistic rotation frequencies
defined in Eq.(14) are modified in the relativistic regime to
become2
2(1/2
(1 (1 2 yb&,,
2 e- e (48 )
2 we e
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Here, me = (4n fie 2 /nMe)1/ 2 and wce = eBO/mec are the nonrelativ-
istic plasma and cyclotron frequencies, respectively, and y=
(1 - 02 - 0 )~2 is the relativistic mass factor. In Eq.(48),
L2
the focussing term proportional to -0 arises from the V ee x
B as radial force.
We solve the linearized Vlasov-Maxwell equations (5) and (6)
for perturbations about a self-consistent electron beam equilib-
rium f0 with uniform density. It is assumed that fu 0is cold in
the z-direction, and has an inverted population in perpendicular
momentum which is peaked at pj = ybm0±c = const. The dispersion
relation for right-circularly-polarized electromagnetic waves
propagating parallel to BAi, is given by32
(A) 2 (A) - k c)2 22 Pe 0
yb (A - k. - %)( - k - e)
1 2 n2
- - i (49)
2 (w - k.0c - )2 (w - k,0,c - )2
x 2( 2- 2 k )[(k- ( 2/ )(_- )] + (w-kzc) (W2/2ybksz (,k.Pe /2zzOzpe b
where 1, is the average axial velocity of the electron beam, and
is defined in Eq.(48). In Eq.(49), self-field effects are
incorporated directly in the definitions of u and %e, and in
the terms proportional to (( /2yb)(1 - 0 ) and (CP /2yb)
occurring in the final line of Eq.(49).
In the tenuous-beam limit, where se = 2 (YbP,2 )(1 - O.)
+0, %e+ ' /Yb' 2a + ,0, and the above-mentioned terms
proportional to I are neglected in Eq.(49), the dispersion
relation (49) reduces to the familiar Chu-Hirshfield dispersion
relation5 5'56
O2k
2 k2  _e (w- kZ0,c)
yb (w - k zOc - Wm e/Yb)
2 2 22 (50)
2 pe z
2 ya(w - k' 13, - me/s22 b c ~ 3  e/yb)
For w - kzk c wce/yb, Eq.(50) yields the cyclotron maser insta-
bility with maximum growth rate Imw /w e 1/( (/2yw )/
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This instability forms the basis for coherent radiation genera-
tion in conventional (low-current) gyrotron and cyclotron auto-
resonance maser (CARM) devices.
At moderate values of the self-field parameter se =
2(yboP'/wC )(1 - ), however, the stability behavior predicted
by Eq.(49) is modified considerably.32 Consistent with the
discussion of spontaneous emission from a test electron in
Sec. III.E, the dispersion relation (49) exhibits two resonances--
one for o - k5 O3c = At (low-frequency branch), and the other for
o - k + (high-frequency maser branch). The low-frequency
branch is associated entirely with self-field effects and can
exhibit instability that competes with the maser branch. A
detailed analysis32 of Eq.(49) shows that the cyclotron maser
instability (modified by self-field effects) is completely
stabilized whenever the beam density and current are sufficiently
large that
sP 2  12 (51)
ce 1 Z,
[Keep in mind that se < 1 is required for the beam equilibrium to
be radially confined.] Denoting sm = 40i/(1 - a-), a good
estimate of the maximum growth rate of the cyclotron maser
instability is given by32
IMO)MAX Se 1/2
=Imw)MAX-=-- , (52)
ce s
where = (01 / )2 0 /W e) is the normalized growth rate in
the tenuous-beam limit (se << 1).
E. General Stability Theorem
A very powerful stability theorem exists for the case of a
radially-confined one-component nonneutral plasma column. This
theorem was first derived in the nonrelativistic, electrostatic
regime,4 S and generalized subsequently to the case of a relativ-
4 9istic, nonneutral electron beam and electromagnetic wave
perturbations with arbitrary polarization. For present purposes,
it is sufficient to state the main assumptions and results of the
theorem. We consider a relativistic, nonneutral electron beam
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Fig. 12. Schematic of a relativistic nonneutral elec-
tron beam propagating parallel to a uniform magnetic
field B 0j. The beam current produces an azimuthal
self-magnetic field B,(r) e, and the space charge
produces a radial electric field E0(r)ir'
propagating parallel to a uniform magnetic field B04Z (Fig. 12)
for the class of beam equilibria f4(H - %ePe - VzePZ), where %e
and Veare constants, H - y mc2 - e+,(r) is the energy, P=
r[pe - eBor/2c] is the canonical angular momentum, and P3 = p. -
eA0 (r)/c is the axial canonical momentum. The main result of the
stability theorem is the following sufficient condition for
stability: 2
If fe(H - %ePe - Vzepz) is a monotonic decreasing
function of H - %epe - VzePz, then the equilib- (53)
rium is stable to small-amplitude electromagnetic
perturbations with arbitrary polarization.
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Equation (53) is the generalization of Newcomb's theorem, origi-
nally derived for a spatially uniform, charge-neutral plasma, to
the case of a fully nonneutral, rotating electron beam. The sta-
bility theorem stated in Eq.(53) is especially significant since
it is applicable to spatially nonuniform equilibria characterized
by the equilibrium self fields E0(r);r and BO(r);,. The stabil-
ity theorem is applicable to surface perturbations as well as
perturbations interior to the electron beam. As an example, we
note that the thermal equilibrium distribution
f = const. exp (H -%e -V Pz) (54)
kT
is electromagnetically stable within the context of Eq.(53).
However, a beam equilibrium with an energy anisotropy, or an
inverted population in H - Cepe, may be unstable.
F. Summary
To summarize, in Sec. IV we have shown that nonneutral
plasmas support a wide range of kinetic waves and instabilities
that depend on the detailed form of the distribution function f ,
the region of (w,kj,k.) space under investigation, and the
strength of the self-field parameters = (8n m c2/e B 2 )E fi ejjO k k k
The wave properties and stability behavior are particularly
intriguing under conditions approaching Brillouin flow. For
example, for a pure electron plasma column (fit = 0), the effec-
tive gyration frequency +&e - = w e(1 - 2w 2 /W 2)1/2 in the
2% %e2 pe ce
rotating frame approaches zero, as 2WC% /W 2 -+ 1. Therefore, the
wave properties and stability behavior predicted by Eqs.(42) and
(44) approach those of an unmagnetized plasma as 2w / 2+ 1.
Section IV has emphasized the kinetic stability properties of
nonneutral plasmas for the case of an infinitely long plasma
column confined radially by a uniform magnetic field BO ^ . It
should be pointed out that similar techniques utilizing the
linearized Vlasov-Maxwell equations can be applied to more
complicated geometric configurations. Kinetic studies of
equilibrium and stability properties have ranged from mirror-
confined nonneutral electron layers, to the stability of
intense nonneutral electron flow in magnetically-insulated
diodes,s5,s9 to investigations of the negative-mass and
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resistive-wall 6 1,62 instabilities in high-current modified
betatrons, 63-6 to studies of the ion resonance instability66 in
a nonneutral plasma column, to investigations of transverse
67instabilities in nonneutral ion beams in a quadrupole magnetic
field, to mention a few examples.
V. MACROSCOPIC WAVES AND INSTABILITIES
In this section, we make use of a macroscopic, cold-fluid
model to investigate electrostatic waves and instabilities in a
nonrelativistic, nonneutral plasma column confined radially by a
uniform magnetic field B i.. Following a discussion of the
electrostatic eigenvalue equation (Sec. V.A), the dispersion
relation1,2 is derived for a uniform-density plasma column,
including the important effects of finite radial geometry
(Sec. V.B). This dispersion relation is then applied to the
68Trivelpiece-Gould modes (Sec. V.C) and the ion resonance
instability6 9 (Sec. V.D) including equilibrium space-charge
effects. Finally, we examine the influence of intense self-
magnetic fields on the filamentation instability54 for a
relativistic electron beam propagating through a dense background
plasma (Sec. V.E). A discussion of the linear and nonlinear
evolution of the diocotron instability is presented in Sec. VI.
A. Electrostatic Eigenvalue Equation
We consider perturbations about an infinitely long nonneutral
plasma column confined radially by a uniform magnetic field B0i..
The j'th component equilibrium density profile is denoted by
n0(r), and the perturbed electrostatic field is expressed as
8E(x,t) = -V68(x,t), where
t(x,t) = 8^*,(r) exp(i9.0 + ikz - iw t) (55)
Here, .is the azimuthal mode number, kZ is the axial wavenumber,
and w is the complex oscillation frequency, with Imw > 0
corresponding to instability (temporal growth). In the cold-
fluid limit with (2/ax) - P, ~ 0, we make use of the linearized
continuity equation (8) and force-balance equation (9) to express
the perturbed density 6n (x,t) and flow velocity 6V (x,t)
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directly in terms of 6+(x,t). For nonrelativistic flow, the
linearized Poisson equation can be expressed as 1 ,2
8 2
r1+XiLm 6 (r, , 6)^+,t- k 1l+X g(r, w)] io,
ar r 2Z 1
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1 a '-'U
(c oj + 2%j)XjL(r,w) 1,
r (w - kV - ) [% . ar
where = sqn(e ), W = eB,/mcI is the cyclotron frequency,
V - const. (independent of r) is the equilibrium flow velocity
in the z-direction, and % (r) is the average angular rotation
velocity of component j. Here, the perpendicular and parallel
susceptibilities are defined by
= 
2
v (r, w)
)
(57)XI(r,m) = Xp ( r, w)
X(r,w) = X~11(rA)) = - 2
j
() 2 (r)
P~ j
(A) - k ZV -_ZC g)2 .
where wj (r) = 4n n (r)ej/mj, and
v 2 (r,) (ew kV - L %)(2
- ( o + 2%) + r -- 2
r ar
Moreover, the angular rotation velocity %j(r) is determined from
the equilibrium condition for radial force balance, i.e.,
r
- 4n(r) = 2ek e [dr'r'n+(r') + j (r).
% m r 2J k%
k 1 0
(60)
The eigenvalue equation (56) can be used to investigate the
electrostatic stability properties of a nonneutral plasma column
for a wide range of equilibrium profiles n (r) and o,(r). Of
course, Eq.(56) and the ancillary definitions in Eqs.(57)-(60)
1 ar
r r
(58)
(59)
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n9(r) nj
0 Rb RC
r
Fig. 13. Plot of the rectangular density profile n" (r)
versus r in Eq.(61). A conducting wall is located at
r = R.
C
include the effects of finite radial geometry in a fully self-
consistent manner.
B. Dispersion Relation for a Uniform-Density Plasma Column
As an application of the eigenvalue equation (56), we
consider the case where the plasma column has uniform density,
0(r) fij = const., 0 < r < Rb (61)
'10 , Rb < r < RC .
As illustrated in Fig. 13, there is a vacuum region between the
outer surface of the column (r = Rb) and the conducting wall
(r = R). As in Sec. IV, for uniform density, the (constant)
angular rotation velocity of component j is given by % = or
, where is defined in Eq.(37). A careful
examination2 of Eq.(56) shows that the eigenfunction solutions
within the plasma column (0 < r < Rb) and in the vacuum region
(Rb < r < R ) are given by
36
6+j (r) = AJ,(Tr) , 0 < r < Rb , (62)
and
490,ut(r) = B I (kr)K(kR ) - K(k.r)I(kR) (63)
Rb < r < RC,
where A and B are constants, and T is defined by
2
T2 = -k k1 2
2 L (w - k V -Jg)
z -j
[ (64)
j 2
In Eqs.(62)-(64), It(x) and Kk(x) are the modified Bessel func-
tions of order Z of the first and second kind, respectively, wd
= (4n ie 2/m )1 2 is the j'th component plasma frequency, and
2 *
v. is defined by
v = (( - k V - % )2 2 , (65)
where
2
- )2 = 2 - 8n J (66)
e B2
Note from Eqs.(62) and (63) that the boundary conditions
i"%(r = 0) = 0 and &+t(r = R) = 0 have been enforced. We
further require ~in(r = Rb) - 6 *~ut (r = R ) at the surface of
the plasma column, and the discontinuity in 3a6Ot/arr=Rb and
6+.t*/arlr=R b is related to the perturbed surface-charge density
by integrating the eigenvalue equation (56) across the boundary
at r = R. Some algebraic manipulation gives the dispersion rela-
tion",2
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kR bKLkR)Lkb)-KkRbIkR)
Ki(k.RC)I(kRb) - KL(k.Rb)I(k.R)
k R 9
V2 b 2 (67)
j j (TR b) + )
where T2 and v2 are defined in Eqs.(64) and (65).
The dispersion relation (67) can be used to determine the
(complex) oscillation frequency w over a wide range of system
parameters Rb/R, O , (( - (%)2, etc. The first and second
terms on the left-hand side of Eq.(67) correspond to contribu-
tions from the vacuum region and body-wave perturbations in the
column interior, respectively, whereas the right-hand side of
Eq.(67) arises from the perturbed surface charge at r = Rb.
C. Trivelpiece-Gould Modes in a Nonneutral Plasma
We first consider the electrostatic dispersion relation (67)
for a nonneutral plasma-filled waveguide with R. = RC (or for
a very narrow vacuum gap with RC - Rb << R). In this case, the
dispersion relation is determined from e#,(r - Rb) - 0, or equiv-
alently, J,(TR b) = 0, from Eq.(62). This gives T2 = pt */R ,
where pZ* is the m'th zero of J(p*) - 0. Introducing the ef-
fective perpendicular wavenumber k * p /Rb, the dispersion
relation T2 = kI can be expressed as1'2
22
0 = 1 -i
k2 (co - k V - X )2 (%-)2
2 2 (68)
k 2
where k2 = k + ki, and use has been made of Eq.(64).
For Z nkek = 0 and % = 0, Eq.(68) reduces to the familiar
kk 68
dispersion relation for the Trivelpiece-Gould modes in a
charge-neutral, plasma-filled waveguide. For a nonneutral
plasma, however, with non-zero self-field parameter s =
( 2 22- 
I
(8n mc2 /e B )E n e, the detailed wave properties predicted by) kk k
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Eq.(68) can differ substantially from the case of a neutral
plasma. For example, for a pure ion plasma (fe = 0), Eq.(68) can
be solved to give
1kV.,) 2 1-A + -C 2]
(69)S2 /k 42(+ - )2 /2
1 + k / [/2 + ( - %) 2 2
where = %j or % = and - )2 = 2 (1 - 2 W / ).
2 2 C 2piFor k >> k_, the two solutions in Eq.(69)- asymptote at
and at (%j - %-)2. The analogue of the oscillations in Eq.(69)
of course also exist for a pure electron plasma (fi = 0). What
is most striking about Eq.(69), however, is that the low-
frequency oscillations (near the ion plasma frequency) in a pure
ion plasma with ;e = 0 do not resemble the plasma oscillations
predicted by the cold-plasma dispersion relation (68) for the
case of a charge-neutral plasma with Se = Zini. For example, for
E n e = 0, and = 0 and V . = 0, the plasma-oscillation
k k k 2 Z3 2 2 2 2 2
branch in Eq.(68) gives 02 = W + W 0 for k /kj >> 1,
which corresponds to (high-frequency) electron plasma
oscillations.
The solutions in Eq.(69) for a pure ion plasma are plotted
versus k,/k_ in Fig. 14 for self-field parameter si = 2w /w =
2 - 2 2 ' C 11/2, which corresponds to - -2 For k /kL >> 1, we
-2w 22o ~1 ,w
note from Fig. 14 that the two solutions asymptote at W and
+ -
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The nonneutral analogue of the Trivelpiece-Gould modes have
been investigated experimentally for both pure electron plasmas"
and pure ion plasmas." We briefly summarize here the experi-
ments by Dimonte13 on Lithium ion plasmas with fe = 0. Figure 15
is a schematic of the experimental set-up. A heated, 0-eucryptite
source emits 7 Li ions which form a 115 cm-long nonneutral plasma
column confined radially by an axial magnetic field B0 . The
grounded conducting wall in Fig. 15 is located at RC = 3.75 cm.
Ion plasma waves (corresponding to the lower .branch in Fig. 14)
are launched by an isolated section of the drift tube. Typical
experimental resultsi3 are illustrated in Fig. 16 for magnetic
field BO = 1.5 kG, central ion density ni = 7.3 x 10 cm , ion
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Fig. 15. Schematic of experimental set-up used to
investigate ion plasma waves in a 7Li+ plasma column
[G. Dimonte, Phys. Rev. Lett. 46, 26 (1981)].
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Fig. 16. The measured values of wave frequency w versus
kzc are indicated by the dots, and the solid curve
corresponds to theory. System parameters are fii = 7.3 x
106 cm 3, B0 = 1.5 kG, and self-field parameter s. =
2w / = 0.85 [G. Dimonte, Phys. Rev. Lett. 46, 26
(1981)].
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temperature Ti - 1.2 eV, and axial drift velocity V31 = 0.
The radial density profile is approximately gaussian, n (r) =
Li exp(-r 2/R ), with characteristic column diameter 2Rb = 3.2 cm,
which is much larger than the thermal ion Debye length X, =
(kBT /n fie2)1/2 = 3 mm. The (on-axis) value of s = 22 / 6
is s1 = 0.85, with ion plasma frequency wo = 1.35 x 10 sec .
(This value of w is indicated by the arrow on the vertical axis
P 13in Fig. 16.) The measured values of wave frequency & versus
normalized axial wavenumber k3 RC are indicated by the dots in
Fig. 16 for wave excitations with azimuthal mode number x = 0.
The solid curve in Fig. 16 is the theoretically-calculated dis-
persion curve,1 taking into account the radial variation of the
density profile n (r). The agreement between theory and experi-
ment is remarkably good. While Fig. 16 corresponds to axial
drift velocity V = 0, similar good agreement between theory and
experiment is obtained when the grid in Fig. 15 is biased so
that V~i 0 0.
We reiterate that the low-frequency ion plasma oscillations
characteristic of a pure ion plasma with ie = 0 (Fig. 15) do not
resemble the plasma oscillations predicted by the cold-plasma
dispersion relation (68) for the case of a charge-neutral plasma
with fe = Z n .
D. Ion Resonance Instability
We now consider the electrostatic dispersion relation (67)
for an electron-rich plasma column with a partially-neutralizing
ion background. The fractional charge neutralization is denoted
by
f (70)
ne
where single ionization (Z1 = 1) is assumed. For Rb < R (see
Fig. 13) and long axial wavelengths with k2 R 4 0, it can be
shown that the dispersion relation (67) reduces to', 2
1 (A) 2
Pe + (71)
1 - (Rb/RC) 2(o- )(- a) 2(w - %)(o - c)
for perturbations with azimuthal mode number k = 0. Here c and
±d are defined by
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( 2 2 /2
= --- ± 1- (1- f) , (72)
2 e 2
and
2 m 1/2
± = -- 1 L1+wP1m -f). (73)
2 (73)m1.Ce e
As might be expected, the relative azimuthal motion of the elec-
tron and ion fluids in Eq.(71) provides the free energy to drive
an instability, which is known as the ion resonance instabil-
ity.6 The ion resonance instability, while modified by intense
self-electric fields"0 and by ion kinetic effects," also exists
in high-current configurations such as the modified betatron
accelerator, 71 when a partially neutralizing ion background is
present.
A striking property of the dispersion relation (71), is that
the instability is absent (Imw = 0) when the plasma is elec-
trically neutral (f = 1) or when there are no ions (f = 0).
To illustrate the basic properties of the ion resonance
instability, we assume low-density electrons and a small popu-
lation of ions, i.e.,
2o '/w << 1,Pe ce
(74)
f << 1
In this case, M = w and %-= (w 2/2e )(1 - f), and for |wi
<< o)e, Eq.(71) can be approximated by
1 w /2(e2
2 P e + .(75)
1 - (Rb/RC) w- )e (w- (j %- %+)
For f = 0, and therefore ) 2=0, the dispersion relation (75)
Pi2 2
supports a low-frequency oscillation with w = ( W e /2 )(Rb/R,)
= D(Rb/R) 2 . This oscillation corresponds to a surface wave
supported by the E% x B a motion of the electron fluid. If a
low-density ion component is present (0 < f << 1), then the
dispersion relation (75) supports one unstable solution (Imw
> 0) whenever (w 2 / 2w )(Rb/R )2 9- The characteristic
maximum growth rate is given by
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R2 )3 R2 /2R 22
Imw = W . /2- -2 (76)
P R 2 2 - R /R
C b C
which is proportional to w times a geometric factor.
E. Filamentation Instability
We now consider an example where intense self-magnetic fields
play an important role in determining the detailed stability
behavior. In particular, we consider a cylindrical relativistic
electron beam (j = b) with uniform density A , propagating with
axial velocity Oc parallel to a magnetic guide field Be,
through a cold, background plasma (j = e,i). It is assumed that
the beam density is low ( b << ne) and that the beam-plasma
system is charge neutral, i.e.,
a e = 0. (77)
j=e,i,b
Current neutralization, however, is generally allowed to be
incomplete. That is, fm 1, where the fractional current
neutralization f. is defined by
E ni' e 0
j-e, i
fm = .(78)
n be
In Eq.(78), Il is the axial velocity of the j'th plasma compo-
nent. Consistent with Eqs.(77) and (78), the equilibrium radial
electric field is E (r) = 0, and the equilibrium azimuthal self-
magnetic field is given by
B (r) = -2n fneb(l - fm)r , (79)
which acts as a focussing field on the beam electrons.
The ordinary-mode filamentation instability 2 ,"8 ,'5 ,7 2 ,7 3 has
been observed experimentally7 4 in circumstances where a low-
density electron beam is injected into a high-density preionized
plasma, provided the instability criterion 4n fibybmec O/BO
y Ob/wM > 1 is satisfied. On the other hand, when a low-
density electron beam is injected into a dense neutral gas and
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the instability criterion quoted above is satisfied, the beam is
observed not to filament. An essential difference between
these two cases is the lack of current neutralization in the
beam-plasma system formed when the beam is injected into neutral
gas. When a low-density beam is injected into a dense preionized
plasma, charge and current neutralization take place on a rapid
time scale. However, when a low-density beam is injected into a
dense neutral gas, there is avalanche breakdown of the gas,
typically a few nanoseconds after charge neutralization occurs.
Moreover, current neutralization is often incomplete.
The absence of filamentation instability in circumstances
where the beam-plasma system is not current neutralized, strongly
suggests that the azimuthal self-magnetic field has a stabilizing
influence on the filamentation instability. To investigate this
possibility, we examine the ordinary-mode dispersion relation for
a relativistic electron beam propagating through a dense back-
gound plasma. Here, the wave polarization (6E 1 BoII and k J
BOl) is the same as in Sec. IV.C. The analysis makes use of
a macroscopic cold-fluid model, consistent with Eqs.(77)-(79).
Neglecting the ion motion (mi -+ -), and assuming that b /fe « 1
and ' pe , the ordinary-mode dispersion relation for a
beam-plasma-filled waveguide (Rb = R) can be expressed as (for
perturbations with azimuthal mode number 2 - 0)54
2 c2 2 2 (c 2k 2 /Y(pe 2
2 -2 2 2 by
c k + W + + -2. (80)
Here, w2 = 4n ee2/me, 2 = 4n e2/m , yb is the relativistic
mass factor of the beam electrons, and k, = po,:/Rb, where pOm
is the m'th zero of J0 (p0 *) = 0. Moreover, (c% - )2s
defined by
2 2 2
+ - )2 Ib b pb 1 f()
(g- g)2 = + 2rwP0 ~i - (
Wb 21 M)]Yb WCb
where wcb = eBO/mec. For fm < 1, we note that the (focussing)
self-magnetic-field term in Eq.(81) increases the size of -
to values larger than the relativistic cyclotron frequency c .b*
For short-wavelength (c2k! >> w ), slow-wave (|1l 2
c2kI) perturbations, the dispersion relation (80) can be
approximated by
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2
W 2 4 + 2 , (82)
b
which has one unstable solution (Imw> 0) whenever the
inequality5 4
2yw 2w
> - + 2 1i - f (83)
is satisfied. For complete current neutralization (f 1),
Eq.(83) reduces to YbW 2 /W > 1, and the maximum growth rate
is given by
() 2 1/2
(Im(A))MAX 1/2 ~ 2 2I (
On the other hand, for fm < 1, the growth rate is reduced from
the value in Eq.(84) because of the stabilizing influence of the
self-magnetic field. Indeed, from Eq.(82), the instability is
completely stabilized (Imw = 0) whenever
1 W 2
f < - + cb (85)M 2 2y o
The strong stabilizing influence of self-magnetic fields on the
filamentation instability is consistent with the experimental
observations of Kapetanakos.
VI. DIOCOTRON INSTABILITY
The angular velocity shear was equal to zero (a j/ar = 0)
for the nonneutral plasma waves and instabilities investigated in
Secs. IV and V. In this section, this restriction is removed,
and we examine several features of the classical diocotron
("slipping-stream") instability -78 in a low-density, pure
electron plasma column with W (r)/w << 1 and n. = 0. The
pe ce 1.
diocotron instability is one of the most ubiquitous instabilities
in low-density nonneutral plasmas with shear in the flow velocity.
For example, it can occur in propagating nonneutral electron
beams and layers'7 9 ,80 and in low-voltage microwave generation
devices such as magnetrons, traveling-wave tubes and ubi-
trons. 2 4 ,8 1-8 3 In this section, we review the basic linear
theory', 7 8 ,84-8 6 of the diocotron instability (Sec. VI.A), and
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summarize the results of three experiments'5 ,7 9 ,SO carried out
for annular electron beams (Sec. VI.B). Then, for multi-mode
wave excitation, a simple quasilinear model 29 of the nonlinear
evolution of the diocotron instability is presented (Sec. VI.C).
Finally, for relativistic cross-field electron flow, it is shown
that the diocotron instability can be completely stabilized'
7 
'
8
by electromagnetic and relativistic effects (Sec. VI.D).
A. Electrostatic Growth Rate
To illustrate the basic features of the diocotron instabil-
ity, we consider the electrostatic eigenvalue equation (56) for
low-frequency, flute perturbations with k, = 0 in a low-density,
pure electron plasma column satisfying
2 (r) << 2 ,(APe (r«ce
(86)
|w - £%e~(r)1 2 << W .
e ce
Here, the electron fluid is assumed to rotate with the slow
E0 (r)j x B ; rotation velocity,
r
~(r) = 2  drr'w 2(r') (87)
"ce
2 0 0
where W (r) - 4n ne(r)e 2/i, and use has been made of Eq.(60)
for = and w 2% << W . Making use of Eq.(86), the
electrostatic eigenvalue equation (56) can be approximated by' 7
1 a 3 A
- - r - 6+,(r) - 6 *(r)
r ar ar r
(88)
2~~~ (r)r)3
Wce rw - e(r)j are
where kZ = 0 has been assumed, and %~(r) is defined in Eq.(87).
The eigenvalue equation (88) can be used to investigate
2
stability properties for a wide range of density profiles W (r).
A detailed examination of Eq.(88) shows that a necessary
condition for instability (Imw > 0) can be stated as follows:' 85
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changes sign on the interval 0 < r < Rc.
(89)
It is evident from Eq.(89) that a shear in the angular velocity
profile c%(r), or equivalently, an off-axis maximum in w (r) is
required for instability to exist.
As an example corresponding to strong diocotron instability,
we consider the annular electron density profile illustrated in
Fig. 17, where the equilibrium electron density is specified by
0 , 0 < r < R ,
n'e(r)= fe, RO<r<R,
0 , Rb < r < R .
(90)
Here, a conducting wall is located at r = RC. For the choice of
density profile in Eq.(90), the angular rotation velocity defined
in Eq.(87) is given by %e(r) = (e /2Wme)(1 - R/r 2) within
te 2 = 2 /ethe electron layer, where we= 4n n e em in. The eigenvalue equation
a U -
Rc
'
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(88) can be solved in each of the three regions in Fig. 17, and
the boundary conditions enforced consistent with Eq.(88) and
8+,(r = 0) = 0 = 6+,(r = R,)-. Without presenting algebraic
details, we obtain the quadratic dispersion relation' 7
W2 -b k + Ck = 0. (91)
In Eq.(91) w w 2 /2w = 4n fi ec/B is the diocotron frequency,
and b, and c, are the geometric factors defined by
2 Rb 211 RO2
b 1 + -
R 2R R
(92)
R R 0R R 2 tR bRC R b RC
From Eq.(91), the necessary and sufficient condition for
instability (Imw > 0) is
4c, > b , (93)
and the corresponding real oscillation frequency and growth rate
are given by
1
Rew = - b
2
(94)
1
Imw = - (4c, - b 2)1/2
2
When instability exists, it is clear from Eq.(94) that the
growth rate Imw is proportional to the diocotron frequency %
times a geometric factor. A detailed examination of Eqs.(92)-
(94) shows the following important properties of the diocotron
instability: 1,78
(a) For perturbations with azimuthal mode number k = 1, the
inequality 4c1 < b2 is satisfied, and the system is stable
(Imw = 0).
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(b) For Z > 2, the instability growth rate Imw is reduced
when Rb /RC is increased and/or RO/RC is decreased.
(c) The system is stable whenever R0 = 0 or Rb = RC.
(d) The number of unstable mode numbers 2(Q 2) increases as
the layer thickness Rb - R0 is decreased.
B. Experimental Results
In this section, we summarize briefly the results of three
experiments1'5 '79,80 on the diocotron instability, spanning more
than three decades from 1956's to 19871 .
We first consider the experimental results of Kyhl and
Webster7 9 (Fig. 18). A low-current (10s of pA), annular electron
beam is emitted by a hollow cathode gun and collected by a
moveable fluorescent-screen anode. The anode screen could be
moved from z = 0.5 cm to z = 8.6 cm from the cathode, and the
experiments were carried out for an 80 eV pulsed electron beam
with duration of 10 psec, repeated every 305 psec. Fig. 18 shows
a series of photographs of the fluorescent-screen anode, taken at
distances ranging from z = 1 cm [Fig. 18(a)] to z = 8.7 cm [Fig.
18(d)] from the cathode, for an axial guide field BO = 580 G. We
note from Fig. 18 that the beam cross-section distorts as it
propagates axially. By z = 7 cm [Fig. 18(c)], the beam has
broken up into a discrete set of vortex filaments, and the system
has evolved to a coherent, nonlinear state. Evidently, the
evolution of the diocotron instability in this configuration7 9
corresponds to spatial growth (as a function of z), rather than
the case of temporal growth considered in Sec. VI.B. The visual
display of experimental results'9 on the diocotron instability in
Fig. 18 are among the most striking in the published literature.
As indicated earlier, the beam current and beam energy in the
experiments by Kyhl and Webster"7 were very low (10s of VA and
10s of eV, respectively). However, the diocotron instability can
also develop in intense annular electron beams at higher energies
and currents. Typical experimental results obtained by
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Fig. 18. Photographs of the fluorescent-screen anode
taken at distances of (a) 1 cm, (b) 3 cm, (c) 5 cm,
(d) 7 cm, and (e) 8.7 cm from the cathode. The beam
energy is Eb = 80 eV and the magnetic field is BO =
580 G [R.L. Kyhl and H.F. Webster, IRE Trans. Electron
Devices 3, 172 (1956)].
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Fig. 19. Lucite damage patterns at several distances
from the anode using an annular cathode with outer
radius 2.5 cm and thickness 0.3 cm. The beam current
and energy are Ib = 40 kA and Eb = 400 keV, and the
magnetic field is BO = 4 kG. [C.A. Kapetanakos et al.,
Phys. Rev. Lett 30, 1303 (1973)].
Kapetanakos et al. 8 0 are shown in Fig. 19 for a 400 keV, 40 kA,
50 nsec-duration electron beam emitted by an annular cathode with
outer radius 2.5 cm and thickness 0.3 cm. The axial guide field
is BO = 4 kG, and the drift-tube pressure is about 0.2 Torr.
Figure 19 shows the damage patterns (from four separate shots) on
Lucite plates located at distances of z = 10, 35, 45 and 52 cm,
respectively, downstream from the anode foil. The linear theory
of the diocotron instability, appropriately extended80 to include
relativistic beam dynamics and a partially neutralizing ion
background, as well as spatial (rather than temporal) growth in
the z-direction, explains several key features of the experi-
mental results. For example, for the system parameters in Fig.
19, linear theory predicts that the layer is unstable for
azimuthal mode numbers t = 5 or Z = 6, which is consistent with
the beam distortion that occurs by z = 35 cm in Fig. 19. It is
also found" that the distortion of the beam cross-section is
greatly reduced by bringing the conducting wall (R) and outer
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boundary (Rb) of the beam in closer proximity. Furthermore,
it is observed8s that the beam distortion increases for higher
beam current and/or lower magnetic field (thereby increasing the
value of wD = 4n fieec/Bo).
Generally speaking, despite the many orders-of-magnitude
difference between the beam currents and energies in the two
experiments, 7 9 ,80 the overall signature of nonlinear beam break-
up by the diocoton instability is remarkably similar in Figs. 18
and 19. For the system parameters in Figs. 18 and 19, a few
azimuthal mode numbers appear to dominate the (coherent) non-
linear evolution of the instability.
Finally, we summarize some aspects of the recent experiments
on the diocotron instability by Rosenthal, Dimonte and Wong.15
The cross-section of the experimental configuration 1 is
illustrated in Fig. 20. An annular, pure electron plasma of
length L = 126 cm is created by a thermal cathode, and the
average radius and thickness of the electron layer are 1.75 cm
and 0.36 cm, respectively. The confining axial magnetic field B0
can be varied up to 650 G, and typical plasma densities are in
the range of 5 x 10 cm 3, with w2/W 2 < 4.9 x 10-. For thepece
experimental data shown in Fig. 21, the central conductor (at
radius a = 0.32 cm) is at zero potential. Figure 21 shows the
measured real frequency Reo of the diocotron mode, for wave
excitations with k. = 0 and azimuthal mode numbers L = 3,4,5,
plotted versus fie/B 0 , which is proportional to the diocotron
frequency c = c% 2 /2o . The magnetic field and electron densitype c e7 3in Fig. 21 vary over the range 130 G < B0 < 650 G, and 2 x 10 cm~
< Ae < 108 cM-3 . Moreover, the theoretical curves (solid lines)
in Fig. 21 have been calculatedis from Eq.(88) taking into
account the bell-shaped nature of the density profile no(r)
measured in the experiments.1 5 The agreement between theory and
experiment in Fig. 21 is excellent, with Rew scaling linearly
with ie/B 0 . Rosenthal et al.1 5 have also measured the saturation
amplitude 6+..t of the diocotron instability. For example, for
azimuthal mode number k = 5 and magnetic field B0 > 300 G, it is
15found that sa scales linearly with electron density ne. On
the other hand, for B0 < 200 G, it is found15 that efsat is
independent of electron density. While nonlinear saturation
mechanisms for the diocotron instability are still under
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Fig. 20. Cross-section of the experimental set-up used
to investigate the diocotron instability in an annular
electron beam [G. Rosenthal, G. Dimonte and A.Y. Wong,
Phys. Fluids 30, 3257 (1987)].
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Fig. 21. Measured values of the real frequency Rew of
the diocotron mode are plotted versus e1/Bo for wave
excitations with kZ = 0 and azimuthal mode numbers k =
3,4,5 [G. Rosenthal, G. Dimonte and A.Y. Wong, Phys.
Fluids 30, 3257 (1987)].
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Fig. 22. Cross-field electron flow in a planar diode
with cathode located at x = 0 and anode located at
x = d.
investigation theoretically, it is clear that carefully-
controlled experiments such as those in Ref. 15 will be required
to provide the foundations for a definitive understanding.
C. Quasilinear Evolution
When only a few unstable modes (2-values) are excited, the
evolution of the diocotron instability produces a coherent
nonlinear distortion of the electron beam (see Figs. 18 and 19).
On the other hand, for multi-mode excitation, it is reasonable to
expect that the average macroscopic response of the system can be
described by a quasilinear model, analagous to that developed in
weak turbulence theories of velocity-space instabilities.8 9 In
this section, we summarize such a-quasilinear model of the
diocotron instability.29
The analysis makes use of a macroscopic cold-fluid model
(Sec. II.B) to describe sheared, nonrelativistic electron flow in
the planar diode configuration illustrated in Fig. 22. The .low-
density pure electron plasma is immersed in a strong applied
x= d
x=0
_., A N 0 D E
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magnetic field Boi,, and the electrons are treated as a massless
(me + 0) guiding-center fluid with flow velocity
c
V =- -V x , (95)
BO
where E = -V* is the electric field. The analysis29 assumes
flute perturbations (3/8z = 0), and the self-consistent nonlinear
evolution of the electrostatic potential *(x,y,t) and electron
density ne(x,y,t) are determined from the continuity-Poisson
equations
8ne c 8+ ane c a+ 2ne
--- - - - - = , (96)
at B03y ax BO3x ay
and
32 2
+ - + = 4n en (97)
ax 2 y2)e
Use has been made of Eq.(95) in reducing the continuity equation
(8) to the form in Eq.(96).
For the planar geometry in Fig. 22, the coordinate y plays a
role similar to the polar angle e in cylindrical geometry (Sec.
VI.A). The present analysis assumes that *(x,y,t) and ne(x,y,t)
are periodic in the y-direction with fundamental periodicity
length L. Quantities are expressed as an average value (averaged
over y) plus a perturbation, i.e.,
ne(x,y,t) = < ne>(x,t) + Sne(x,y,t) ,
(98)
*(x,y,t) = <* >(x,t) + 6+(x,y,t)
L
where <* >(x,t) = L~'fdyw(x,y,t). Here <Sne> = 0 = <6+ >, and it
follows from Eq.(97) that the average potential <+ >(x,t)
satisfies
2
- <* >(x,t) = 4n e< ne>(x,t) . (99)
To determine the quasilinear evolution of < ne>(xt) from Eq.(96),
we assume amplifying perturbations (yk > 0) and express the
perturbed potential as
56
&#(x,y,t) = E S$k(x,t) exp(iky)
(100)
t
=E S$k(x ) exp iky + f dt'[-ick(t') + yk(t')]0
where ck amd yk satisfy the conjugate symmetries w0 k = - and
X- =- In Eq.(100), k - 2n n/L is the wavenumber in the y-
direction, and the summation E ranges from n = -o to n =+o.
Without presenting algebraic details, a quasilinear analysis
of Eqs.(96) and (97), which treats S# and Sne as small
perturbations, yields the diffusion equation 2 9
ne>(x,t) - De(x,t) -- < ne>(x,t), (101)
at ax ax
where the diffusion coefficient is defined by
c2 yTk2 ISk 2
D (x,t) = . (102)
e Be 2 a k < V, >) + 2B0  k ye + Yk
In Eq.(102), <VYe >(x,t) = -c<E >/B0 = (c/B0 )(a/ax)<# >(x,t) is the
average tflow velocity in the y-direction, and |&#k12 = I4kX 12
x exp(2 fyk(t')dt'} solves the wave kinetic equation
0
-- |8,|k 2yk(t)I &k 2 . (103)
at
The growth rate yk(t) and real oscillation frequency a (t) are
determined (adiabatically in time) from the eigenvalue equation
2
a 
-
(104)
4n ec kS* a
-< ne>
B0 O - k < V e> + iy) ax
Note that the form of Eq.(104) corresponds to the planar limit of
Eq.(88). However, the average density profile < ne>(x,t) in
Eq.(104) evolves according to Eq.(101), which produces a slow
variation of % + iyk as the profiles readjust.
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Fig. 23. Quasilinear response of (a) average density
profile < ne> and (b) average flow velocity < V >=
-c< E >/Bo to the amplifying field perturbations
predicted by Eq.(99) and Eqs.(101)-(104) [R.C. Davidson,
Phys. Fluids 28, 1937 (1985)].
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The coupled quasilinear equations (99) and (101)-(104) can be
used to calculate2 9 the detailed nonlinear'evolution of the dioco-
tron instability for a wide range of initial profiles < ne>(x,O)
corresponding to instability with yk(0) > 0. To briefly sum-
marize, the evolution of < ne>(x,t) and 6*k1 2 is described by
the kinetic equations (101) and (103), where the diffusion
coefficient De(x~t) is defined in Eq.(101). Moreover, the growth
rate yk(t) and real oscillation frequency (o(t) are determined
adiabatically from the eigenvalue equation (104), where < ne>(x,t)
varies slowly according to the diffusion equation (101).
Typically, if the initial profile <ne>(x,O) corresponds to
instability with yk(O) > 0, then the potential perturbations
amplify according to Eq.(103), thereby causing an increase in the
diffusion coefficient De(xpt), and a concomitant readjustment of
the average density profile < ne>(x,t) according to Eq.(101).
Specific examples of quasilinear stabilization of the
diocotron instability are discussed in Ref. 29. For present
purposes, it is sufficient to note that Eqs.(101)-(104) predict a
self-consistent readjustment of the average density profile
< ne >(x,t) in such a way as to reduce the growth rate yk(t) and
stabilize the instability. The initial stages of profile
readjustment for a typical case are illustrated in Fig. 23.
Here, the initial profile < ne>(x,O) has a (large) density
depression near x = 0. As the potential perturbations amplify,
the density depression and velocity shear are reduced, as
indicated by the dashed curves in Fig. 23. This reduces the
instability growth rate yk, and the process continues until
stabilization has occurred.
As a concluding remark, we reiterate that such a quasilinear
model should be applied only in circumstances where there is
multi-mode excitation (many unstable k-values) of the diocotron
instability.
D. Influence of Electromagnetic and Relativistic Effects
In this section, we extend the linear theory of the diocotron
instability summarized in Sec. VI.A to the case where the cross-
field electron flow is relativistic. The analysis87 '88 makes use
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of a macroscopic model based on the cold-fluid-Maxwell equations
to investigate the extraordinary-mode stability properties of a
relativistic, low-density electron layer in the planar diode
configuration illustrated in Fig. 22. Here, the cathode is
located at x = 0; the anode is located at x = d; V, (x) =
-cE"(x)/B (x) is the equilibrium flow velocity in the y-
direction; and E 0(x) and B0(x) are the equilibrium field
components determined self-consistently from the steady-state
(3/at = 0) Maxwell equations
a
- E0 (x) = -4n en'(x) , (105)
ax
a 4n e
- BO(x) = n (x)V (x) , (106)
x e Ye
where no(x) is the equilibrium density profile of the layere
electrons. For simplicity, space-charge-limited flow with
E0 (x . 0) = 0 is assumed. The stability analysis makes use of
the extraordinary-mode eigenvalue equation 90- 2 for flute
perturbations with polarization
SE(x,t) = SEX(x,y,t)8, + SE (x,y,t)4,
(107)
B(x,t) = &B,(x,y,t)4.
For purposes of describing the diocotron instability, we
specialize to the case of low-frequency perturbations about a
tenuous electron layer satisfying
C%2(x) << W 2(x)/yb(X ,Pe ce
(108)
Iw - kV ' (X)12<<W2X/2X
Here, w (x) = [4n n0(x)e 2/m 11/2 and (A (x) = eB" (x)/mec are the
nonrelativitic electron plasma frequency and cyclotron frequency,
respectively, w is the complex oscillation frequency, k is the
perturbation wavenumber in the y-direction, and yb(x) =
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[1 - (E0/B0 )2J11 2 is the relativistic mass factor of an electron
fluid element. From Eqs.(105) and (106), it can be shown that
B0 (x)/yb(x) = const. across the radial extent of the electron
layer. Moreover, the generalization of the diocotron frequency
(%(x) to include spatial variations in both n 0(x) and B0(x) is
given by
4n no(x)ec w (x)
_(x) e_ - . (109)
S 0 B(x) We(x)
Within the context of Eq.(108), the electrons are treated as a
massless (me + 0) guiding-center fluid. Note from Eq.(109),
however, that the diocotron frequency g(x) remains finite as
me -+0.
We express 6E (x,y,t) = 8E (x) exp(iky - iwt), etc., and
introduce the effective potential O(x) = (i/k)SE (x). Making use
of Eq.(108), the formal eigenvalue equation9 0 for O(x) reduces
to87 , 88
32 W2 2 x
-- k - -+W
ax2 c2k2 c2k2
(110)
k§ V 0(x) W
=-1- Ye -22 (x)
[w - kVye (x)] c ck ax
in the limit of a massless, guiding-center fluid. Although a
tenuous electron layer and me + 0 have been assumed, the eigen-
value equation (110) is fully electromagnetic and valid for
relativistic flow velocities. In this regard, Eq.(110) can be
used to investigate the low-frequency stability properties of a
tenuous electron layer for a broad range of equilibrium profiles
consistent with the steady-state Maxwell equations (105) and
(106).
As a particular example that is analytically tractable, we
consider perturbations about the class of equilibrium profiles
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I I
I I
n ( x) ~
o b
K
Fig. 24. Plot of n (x)/yb(x) versus x for the
rectangular profile in Eq.(111).
where no(x)/yb(x) has the simple rectangular shape (Fig. 24)
'0, 0 < x < X
n 0(x) ne e- const., x- < x < x+ ,(1)
yb () ya
0, x < x < d
In Eq.(111), ne a n (x = x+) and a yb(x = x) denote the
electron density and energy, respectively, at the outer edge
(x = x+) of the electron layer. Moreover, Eq.(111) generally
allows for the inner edge of the electron layer (x = x~) to be
detached from cathode (x = 0), although the case x = 0 is not
excluded. For ne(x)/yb(x) specified by Eq.(111), it follows from
the steady-state Maxwell equations (105) and (106) that the self-
consistent equilibrium profiles for the magnetic field B (x),
relativistic mass factor yb(x), and flow velocity V 0 (x) can be
expressed as
62
cosh[(x - x~)]
B0 (x) = B_ , (112a)
cosh[k(x+ - x )]
y,(x) = cosh[K(x - x )] , (112b)
V (x) = c tanh[K(x - x~)] (112c)
within the electron layer (x- < x < x+). Here, B0 a B 0(x+) is
the applied magnetic field in the outer vacuum region (x+ < x
< d), and the quantity K is related to the diocotron frequency u
a wD(x+) at the outer edge of the electron layer by
4n feec
cK = = . (113)
B0
Indeed, it follows from Eqs.(109) and (112) that
2
w (x)
c =(x)  = = const. (114)
We (x)
throughout the cross-section of the electron layer (x- < x < x+).
For the choice of equilibrium profiles in Eqs.(111) and
(112), the eigenvalue equation (110) can be solved exactly in
each of the three regions in Fig. 24, and the boundary conditions
enforced consistent with Eq.(110) and §(x = 0) = 0 = 4(x = d).
Without presenting algebraic details, we obtain the dispersion
relation87 88
K (w)coth[Kv (w +-d)]-Kb(w)coth[Kb( )(+ -b)]-K (()
x {K (w)coth[Kv()xJ+Kb(W)coth[Kb (+-x)]-K,(W)f (W)
V V 2 bb V (115)
K (W)
sinh2 [K b
where the coupling coefficients f~(w) and f+(w) are defined by
k )
f~( ) , (116a)
K (W) W
f + k V ]
K,(W) w - kVa d c k
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In Eqs.(115) and (116), Vd R V 0 (x = x+) = c tanh[(^ /c)(x+ - x-)]
is the flow velocity at the outer edge of the electron layer, and
K V() and K(w) are the dielectric functions defined by
K (W) = k2 1  ) , (117a)
V c 2k2
2 
^2
K (w) = k2 - + 2(117b)
c k 2 k2
The dispersion relation (115) is a transcendental equation
that determines the complex oscillation frequency w in terms of
the wavenumber k and equilibrium layer parameters such as &b, d,
x b - xb, etc. In Eq.(115), we note that perturbations on the
outer surface of the electron layer (the first factor on the
left-hand side) are coupled to perturbations on the inner surface
of the layer (the second factor on the left-hand side) through
body-wave perturbations within the layer (the right-hand side).
The dispersion relation (115) is fully electromagnetic and valid
for relativistic electron flow in the limit where the electrons
are treated as a massless, guiding-center fluid. In this regard,
Eq.(115) can be used to investigate detailed stability properties
for low-frequency perturbations about a tenuous electron layer
for the class of equilibrium profiles described by Fig. 24 and
Eqs.(111) and (112).
A detailed analysis of the dispersion relation (115) is
presented in Ref. 88. For present purposes, we summarize some of
the key results. It is convenient to introduce the dimensionless
geometric factors (see Fig. 24)
l= x~/d
A= (x+ - x-)/d , (118)
O= (d - x)/d
and the relativistic flow parameter
(119)
c
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Fig. 25. For long-wavelength perturbations (k2d2 « 1),
the diocotron instability is stabilized by relativistic
and electromagnetic effects whenever 2(Ai1/A <
(sinhe)/e [R.C. Davidson, K.T. Tsang and H.S. Uhm, Phys.
Fluids 31, 1727 (1988)].
where Vd = c tanhe. Making use of Eq.(115), it is found 8 7 ,8
that a necessary and sufficient condition for instability
(Imw > 0) in the long-wavelength regime (k2d2 << 1) is given by
2(6 a A)1 1 2  sinhe
g> 
. (120)
as e
Stated another way, the diocotron instability is completely
stabilized (Imw = 0) whenever the flow is sufficiently relativ-
istic (sufficiently large 0) and/or the vacuum regions are
sufficiently narrow (sufficiently small O or Ms). This is
illustrated schematically in Fig. 25, where the solid curve
corresponds to 2(oA) /A = (sinhE)/e, which separates the
unstable and stable regions.
Removing the restriction k2d2 << 1, the full dispersion
relation (115) has been solved numerically for Imw /cikI and
Rew /ck.88 Typical results are illustrated in Fig.26 for A. =
xb/d = 0.3 and A, = (d - x')/d = 0.6. As a general remark, for
increasing values of kd, it is found that there is a concomitant
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Fig. 26. Plots of (a) Imw /cjkI and (b) Rew /ck versus
the relativistic flow parameter e obtained numerically
from Eq.(115) for A = 0.3, O = 0.6, and several values
of kd [R.C. Davidson, K.T. Tsang and H.S. Uhm, Phys.
Fluids 31, 1727 (1988)].
kd << 1
-2.5 Ai= .3-
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decrease in both the maximum normalized growth rate and the range
of e corresponding to instability. Moreover, the long-wavelength
stability criterion, 2(AOA,)1/2/A < (sinhO)/e, is found to be a
sufficient condition for the diocotron instability to be
stabilized at all perturbation wavelengths.
The analysis in Sec. VI.D respresents a rather striking
example in which an instability that is highly ubiquitous in the
nonrelativistic, electrostatic regime, can be completely sta-
bilized by relativistic and electromagnetic effects.
As a final point, for moderate values of w 2 (x)/ 2 (x), itPe ce
should be emphasized that the full extraordinary-mode eigenvalue
equation9 0 gives rise to an instability known as the magnetron
instability, 2 0- 2 2 ,9 0-9 2 which is of considerable importance for
intense nonneutral electron flow in cross-field microwave
devices 2 3 ,2 4 ,8 3 and in magnetically insulated high-voltage
25 ,2diodes. ,2 The magnetron instability has been extensively
investigated for relativistic electron flow in planar diode
geometry. 2 0-2 2 ,90-9 2 This instability, and more generally
speaking, the stability of both electron and ion flow
2 1
,25 ,9 3-95
in high-voltage diodes, play an important role in determining the
operating characteristics of high-power diodes for application to
particle-beam fusion.26,96,97
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